In this paper we introduce a generalized mean field model to describe the motion of an electron in a lattice of charged ions with long range electrostatic interaction. The local and global in time existence and uniqueness of this model and its variational formulation are analyzed.
Introduction
The motion of an electron in a polar crystal has often been treated in a number of previous works motivated by its increasing interest in transport phenomena in semiconductors, which play an important role in the miniaturization of electronic devices. In addition to its possible connection with the real behavior of an electron and a crystal, this model represents one of the simplest examples of the interaction of a particle and a field.
The electron interacts with ions, which are not rigidly fixed. Thus, the electron polarizes the lattice in its neighborhood, and if the electron moves about, the polarization state moves with it. This electron, together with its distorted environment, is a polaron. The precise motion of the polaron in a quantum-mechanical framework is exceedingly complicated. The path integral variational method has been successfully applied to the analysis of this idealized problem, see for example the work of Bogoliubov, 3 Feynman 6 or Höhler. 8 More recently the polaron model has also been treated from different points of view by Accardi et al., 1 Donsker and Varadhan, 5 Löwen, 10 . . . for example). In the paper of Bechouche et al. 2 a rigorous presentation of the time evolution of the mean field approach to the polaron is given. A new term is added in the equation for the potential by assuming that the action of the electric field is not instantaneous. This term gives a potential involving memory effects.
In our approach, the Coulombian electric field produced by the electron causes a local polarization of the crystal and reciprocally the polarization field exerts an action force on the electron. The force exerted by the electron applies on the lattice in such a way that repulses the negative ions and attracts the positive ions. The motion of these ions will be analyzed by considering them as a set of coupled classical harmonic oscillators under the action of the electric field. The aim of this work is to consider that each ion interacts, not only with its neighborhood, but also with all the other ions in the lattice. Then, we will introduce and analyze the properties of an interacting kernel K(r), which depends on the distance between ions r, such that the problem is well-posed. In the continuum limit the motion of the ions will correspond to a classical polarization field modeling by an equation of motion which is nonlocal in time and in space, and generalizes previous models.
The paper is organized as follows. In Sec. 2 we give a new rigorous derivation of the model for the evolution of the polaron, which is a variation of the Schrödinger-Poisson system. 4 In the equation for the potential we consider that the ions interact with each other and that the action of the electric field is not instantaneous. We will also give a variational formulation of the problem and deduce the conserved quantities through Noether's theorem. In Sec. 3 we study the existence and uniqueness of solutions with initial data in H 1 . We will show that the problem is well-posed by assuming a natural restriction on the interactions between ions and that the energy is finite for any time. The obtained model generalizes the classical model and the one obtained by Bechouche et al. 
Derivation of the Model
Let us consider the dynamics of an ionized crystal. Let L be a lattice in R 3 with respect to the basis (a 1 , a 2 , a 3 ), given by
We split the material points of the lattice according to the following law
in such a way that the positive ions with mass M + , at equilibrium, are in L + and the negative ions with mass M − , at equilibrium, are in L − . We assume here that each charged ion is interacting with the others in L by an elastic interaction with a non-negative restoring constant K which depends only on the distance between the equilibrium position of the ions. Obviously, this interaction will be repulsive between ions of the same charge and attractive otherwise. Then, the motion of positively and negatively charged ions with respective masses M + and M − in the presence of an external electric field will be described by the following system of equations:
for any n + ∈ L + and n − ∈ L − , where (−e) is the charge of the electron. Here ξ n + and ξ n − are the time-dependent displacement vectors with respect to the equilibrium position at the lattice points n + and n − respectively, which are occupied by a positive and a negative ion, E n (t) is the electric field at the site n and K(d) is the restoring constant between ions at distance d > 0. Subtracting both equations and going to the continuum limit: a 1 , a 2 , a 3 → 0 we find the following continuous equation:
where
− and the displacement field is defined as ξ(t, x) = lim a1,a2,a3→0
We will not give here a rigorous proof of this limit, but we note that in the case of short range interactions (i.e. K approaches the Dirac mass in the continuum limit) we obtain, instead of constants, the same model obtained by Bechouche et al.
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The polarization of the ionic crystal (dipole moment per unit volume) is due to both the displacement of the ions, represented by the field ξ(t, x), and the deformation of the ions themselves, i.e. displacement of the electrons with respect to their nuclei. If we neglect for the moment the latter contribution, we have P(t, x) = eρξ(t, x),ρ denoting the number of ions per volume unit.
The electric field produced by a free moving quantum mechanical electron with charge density −e|ψ(t, x)| 2 < 0, is given by Gauss law: E = −∇V E , while the electrostatic potential follows from the Poisson equation ∆V E = e|ψ(t, x)| 2 . Thus, the electric field is written as
where Γ(x) = 1 4π 1 |x| is the fundamental solution of −∆ in R 3 . Finally, denoting V P (t, x) the electrostatic potential produced by the ion polarization P(t, x) (which satisfies ∇V P = P) and taking the divergence in (2.1) we obtain
where µ = M/(ρe 2 ) and K = K/M . We supplement the previous equation with the Schrödinger equation for the electron with a potential V (t, x) = −µV P (t, x), where the constant µ has been introduced with the aim of simplifying all the constants. Then we have the following system of coupled PDEs:
Therefore, the system of equations to be studied as an approximation to the polaron problem is (2.2) and (2.3), under some hypotheses on the initial wave function ψ(0, x) = ϕ(x) and on the interaction kernel K, to be specified in the following sections. Now we give the Variational formulation of this system. Equations (2.2) and (2.3) can be easily derived by the variation of the action functional
with respect to V and the complex conjugate of the wave functionψ. Here the Lagrangian density is given by
where V t = ∂ ∂t V . Now, the Noether Theorem, 7,12 allows us to obtain the conservation laws associated with (2.2) and (2.3) from each uniparametric group of transformations which leave invariant the action functional S.
In this way, the invariance under time translations T τ ψ(t, x) = ψ(t + τ, x), implies the conservation of the total energy
Here, the first term is the kinetic energy of the electron, the second one is the interaction energy between the electron and the lattice and the last one is the energy of lattice vibrations.
The invariance under phase transformations T α ψ = e iα ψ, yields the conservation of the total charge, 5) which is usually normalized to unity. Some other interesting quantities 2 like the linear and the angular momenta are also conserved by using the invariance of S under space translations T a ψ(t, x) = ψ(t, x + a) and space rotations T R ψ(t, x) = ψ(t, R −1 x), respectively.
Existence and Uniqueness
We have studied in the previous sections that the motion of an electron interacting with phonons in a crystal lattice can be described by the following system: 6) where the potential V = V (ψ) solves the equation
with x ∈ R 3 and t ≥ 0. We can assume (3.8) without loss of generality because all the results are still valid by assuming some weak hypotheses about a nonzero initial data. Then, we say that
) is a solution of (3.7) and (3.8) if it verifies
From now on we shall assume that the total charge is normalized to unity
We first focus the study of Eq. (3.7). To this aim we first give a technical result that will simplify the proofs of the rest of the paper.
10)
and a nondecreasing finite function C(t) such that
Therefore, we have
Proof. We first observe that once we have proved existence, the bound (ii) is a direct consequence of (i) by using
and the hypothesis assumed on f . Now, we fix T * > 0 such that T * 2 K L 1 < 1 and we prove the existence and uniqueness in [0, T * ] by using a fixed point argument. Define the operator
given by
We observe that the operator F is well defined provided that
). Let us now show that F is a contraction. Consider Z 1 and
), then we have
Hence, we obtain a unique fixed point of
, which is a solution of (3.10) in [0, T * ]. Now we prove (i), and therefore (ii), for t ∈ [0, T * ]. Using the Minkowski and Young inequalities in (3.10) we find
As a consequence, we have
which in particular implies (i). To extend the interval to [0, 2T * ] we define an analogous operatorF in
which is also well defined due to the estimates on Z 0 and verifies the same properties as F . Therefore, there exists a unique solution
and using the continuity properties at the common point T * we find the unique solution of (3.10) in C(0, 2T * ; L ∞ (R 3 )). To show (i) in this interval we estimate as follows:
Proceeding as before and using the estimate for Z 0 we also obtain
and therefore (i) and (ii). Iterating this argument T /T * times we will find the solution Z ∈ C(0, T ; L p (R 3 )), which is unique and verifies the bounds (i) and (ii).
As a first consequence we obtain that for a smooth enough wave function ψ and an interaction kernel K in L 1 , a unique bounded potential exists for any time. That is, using the estimates of the Poisson potential V E (ψ, φ) := −eΓ * x (ψφ) given by Illner, Zweifel and Lange 9 :
we obtain the following
, then the following Cauchy problem
Moreover, this solution is symmetric and bilinear with respect to ψ and φ, i.e. for all ψ, φ ∈ C(0, T ;
In particular (3.7) has a unique solution given by V (ψ) := V (ψ,ψ).
Before giving the study of the existence and uniqueness of global solutions to the system (3.6)-(3.8) we will give some definitions and estimates about the potential. First, we split the potential into two parts. For that, we use the following decomposition of the kernel Γ according to the short and long ranges of definition, Γ s and Γ l :
so Γ = Γ s + Γ l . We now define the short and long range potentials (the existence are given by Proposition 1).
, the short and long range potentials, V s = V s (ψ, φ) and V l = V l (ψ, φ) are respectively the solutions of
with Cauchy data (3.8). Moreover, V s and V l are symmetric and bilinear with respect to ψ and φ, and V , defined by
is the solution of (3.11), for all ψ, φ ∈ C(0, T ; H 1 (R 3 )).
As usual, we will use some estimates for the potential to prove the existence result.
Lemma 1. Consider ψ, φ ∈ H 1 (R 3 ) and let V s , V l be the short and long range potentials. Then the following estimates are verified:
Proof. Using Proposition 1 we can obtain both solutions of
with Cauchy datas (3.8). Actually U s and U l are really the distributional gradient of V s and V l respectively and then, using the estimates
we deduce (i) and (ii).
We can already give the existence and uniqueness result.
. Then, there exists a unique mild solution (ψ, V ) of the system (3.6)-(3.8) verifying
Moreover, this is unique in this class of functions, the energy functional (2.4) is well defined and it is conserved along the time evolution.
Proof. First we shall show the local-in-time existence and uniqueness result by using standard tools 11 and next we prove the global-in-time existence and uniqueness of solutions by showing that the · H 1 -norm of the wave functions ψ cannot blow up at finite time.
Part 1.
(Local existence) First we will show that there exists a T max > 0 and a pair (ψ, V ), solution of the system, verifying
To prove this result (see Theorem 6.1.4 of Ref . 11) we only need to show that the operator
, then we have
For the first term we have
Then, using (3.12) and the bilinearity property stated in Corollary 1 we conclude
To estimate (b) we proceed as follows:
Accordingly in terms of the short and long range potentials V s and V l we can write
Finally, the estimates (i) and (ii) of Lemma 1, the bilinearity property, the triangular inequality and the inclusion
Combining the estimates for (a) and (b) we get the announced Lipschitz property
Part 2. (Global existence) It is clear that T max < ∞ if and only if the solution blows up at finite time, then we only need to show that ψ(t, ·) H 1 is bounded on bounded intervals to have a global solution. In fact, when T max = ∞ we have, from Part 1, the uniqueness result in C(0, ∞; H 1 (R 3 )). First we observe that ψ(t, ·) L 2 = ϕ L 2 as a consequence of the mass conservation (2.5). We will prove simultaneously that the energy (2.4) is well defined and is bounded for ψ(t, ·) H 1 . As a consequence of the Young inequality we have
Then, using Proposition 1, the mass conservation and the Sobolev imbedding
Analogously, we obtain the following estimate for the derivatives The bounds (3.13)-(3.15) immediately yield the well-defined energy
Then, by the energy conservation (2.4), we can estimate as follows:
Finally, using (3.13)-(3.15) and the mass conservation we have
which implies the desired result via the Gronwall Lemma.
